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Abstract. Braneworld models were firstly proposed as a great alternative for the hier-
arcy problem of particle physics, by allowing gravitons, differently from the other interacting
bosons, to propagate through an extradimensional space named bulk. As time passed by the
braneworld setup has also shown to be able to provide interesting results when applied to
cosmology and stellar and gravitational wave astrophysics scenarios. In the present work we
will construct Randall-Sundrum II braneworld wormholes whose interior space-time admits
conformal motion. We show that for a wide range of positive values of the brane tension,
it is possible to fill this wormholes with non-exotic matter, that is, matter obeying the en-
ergy conditions, departing from an important theoretical shortcoming of General Relativity
wormholes.
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1 Introduction
The study of astrophysical objects in higher dimensions has recently attracted considerable
interest [1–6]. Particularly, it has become even more attractive and important after the
proposal of the Randall-Sundrum (RS) braneworld models [7, 8]. According to those, our
four-dimensional (4D) universe is a hypersurface embedded in a 5D space-time, the bulk.
Braneworld scenarios were motivated by the possibility of solving the so-called mass hierar-
chy problem and now have also a significant impact on early universe cosmology (in partic-
ular, on the inflationary paradigm) [9–11] and even on the late-time universe dynamics [12].
Braneworld models contain as a new parameter, the brane tension σ, which is related to the
gravitational stability of the brane. Constraints on the brane tension value were obtained in
References [13–16], for example, from different approaches.
Besides the study of black holes [17–19], neutron stars [20, 21] and white dwarfs [22], the
brane set up may be also applied to the wormhole (WH) analysis. WHs are tunnels linking
two distant regions in the universe [23, 24]. The space-time containing such bridges appears
as solutions for the field equations of General Relativity (GR).
Nevertheless, WH solutions are also obtained in extended or generalized versions of GR.
Some examples can be seen for Gauss-Bonnet theory [25], Brans-Dicke theory [26–29], dilaton
gravity [30], f(R) and f(R, T ) theories [31–35], with R and T being the Ricci scalar and trace
of the energy-momentum tensor, respectively, and Kaluza-Klein gravity [36], among others.
In fact, one can also find braneworld WHs in the literature. In [37], the condition R = 0
was used for obtaining a large class of metrics that may be treated as WH solutions. In [38], the
condition R = 0 was dropped and the WH matter content was shown to satisfy the null energy
condition (NEC). In fact, the main motivation for working with WHs in extended theories of
gravity is that those can provide, through their extra degrees of freedom, a possibility for the
WH matter content to respect the energy conditions, a feature not attained in GR WHs [23].
This will be deeply discussed some sections below. Other braneworld WHs are those reported
in [39, 40]. In [39], particularly, the authors proposed inflating WHs in braneworld scenarios,
while in [40], WH space-time configurations were constructed in Dvali-Gabadadze-Porrati
brane model.
It is important to remark that although so far WHs have not been detected, attempts
to do so are constantly offered in the literature, as it can be checked, for instance, in [41–47].
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In order to reduce the number of unknowns in the set of WH field equations, an equation
of state (EoS) is normally invoked for the WH matter content, i.e., a relation between pressure
and density inside these objects. With the same purpose, one can also consider that the space-
time inside braneworld WHs admits conformal motion, as we are going to assume here.
In GR, it is important to know the behavior of the metric when moved along curves on a
manifold. The conformal Killing operator L associated with the metric g is the linear mapping
from the space J (ξ) of vector fields on ξ, which is translated by the following relationship
Lξgik = ψgik, where ξ ∈ J (ξ) (1.1)
where ψ is the conformal factor. The above Eq.(1.1) is essentially geometric from two points
of view, namely, it is a generalization of self-similarity in hydrodynamics (when ψ is not
constant); and it also generalizes the property of the incompressible Schwarzschild interior
solution which is conformally flat (see Ref. [48]). Moreover, the conformal symmetry establish
a relation between geometry and matter as well as treated a geometrical EoS for closing
the system of equations. Specifically ψ is not arbitrary, rather it depends on the CKV as
ψ(xk) = 14ξ
i
;i for Riemannian spaces of four dimensions.
As emphasized in Ref. [49] conformal symmetries have been studied for spherically sym-
metric spacetimes without specifying the form of the matter distribution. Such extensions
has been studied in three-dimensional manifolds admitting Lorentz metrics [50]. An im-
mediate consequence of admitting conformal symmetry stellar model has been proposed for
both isotropic and anisotropic fluid spheres [51–55]. Besides this, in braneworld models [56]
conformally symmetric vacuum solutions of the gravitational field equations have been stud-
ied. In recent treatments gravastar solutions within the Mazur-Mottola framework admitting
conformal motion were found in [57, 58].
Our intention here is to construct RS braneworld WHs whose space-time admits con-
formal motion. Our main intention will be to check if the brane tension, for some particular
range of values, may allow the obedience of the energy conditions. We organize the present
paper as follows. In Section 2 we construct the braneworld WH field equations. We admit the
conformal motion of Killing vectors inside the space-time in Section 3. In Section 4 we derive
the WH solutions. The Weyl stresses, namely the scalar U and the non-local anisotropic
pressure Pµν , are completely determined. In Section 5 we apply the energy conditions to the
WH matter content solutions. Our final remarks and conclusions are made in Section 6.
2 Wormhole field equations in Randall-Sundrum braneworld formalism
In the present paper we will be concerned in obtaining WH solutions in RS II braneworld
scenario [8]. The concepts of this model have been recently applied to different areas, such
as inflation [59] and black holes [60].
Let us start by writing the modified Einstein field equations on the brane for such a
model. They can be written as [61]
Gµν = k
2T effµν , (2.1)
where Gµν is the Einstein tensor, k2 = 8piGN , with GN being the newtonian gravitational
constant, the speed of light c = 1 and T effµν represents the effective energy-momentum tensor,
given by
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T effµν = Tµν +
6
σ
Sµν − 1
k2
Eµν . (2.2)
In Eq.(2.2), Tµν is the usual energy-momentum tensor. We have chosen the bulk cosmological
constant in such a way that the brane cosmological constant vanishes and σ is the brane
tension. The high-energy and non-local corrections are, respectively, given by
Sµν =
1
4
[
1
3
TTµν − TµαTαν +
1
6
gµν
(
3TαβT
αβ − T 2
)]
, (2.3)
where T = Tαα is the trace of the energy-momentum tensor, gµν is the metric and
k2Eµν = − 6
σ
[
U
(
uµuν +
1
3
hµν
)
+ Pµν +Qµuν
]
. (2.4)
Eq.(2.4) represents a non-local source, arising from the 5D Weyl curvature, with U being the
non-local energy density, uµ being the 4-velocity such that hµν = gµν + uµuν is the projected
tensor, Pµν is the non-local anisotropic pressure and Qµ is the non-local energy flux.
For a static spherically symmetric matter distribution, which represents our case, Qµ = 0
and the non-local anisotropic pressure Pµν reads
Pµν = P
(
rµrν − 1
3
hµν
)
, (2.5)
where P is the pressure of the bulk and rµ is the projected radial vector.
Eq.(2.4) then becomes
k2Eµν = − 6
σ
[
Uuµuν + Prµrν + 1
3
hµν(U − P)
]
. (2.6)
We observe from Eq.(2.6) that Eµν → 0 as σ−1 → 0. Using this limit in Eq.(2.2), we obtain
T effµν = Tµν , that is, we recover GR.
We consider for Tµν a perfect fluid energy-momentum tensor, having the explicit form
Tµν = ρuµuν + phµν , (2.7)
with ρ being the matter-energy density and p the total pressure of the WH.
We also consider for the WH the static spherically symmetric line element in spherical
polar coordinates, i.e.,
ds2 = eλ(r)dr2 + r2
(
dθ2 + sin2 θdφ2
)− eν(r)dt2, (2.8)
with λ(r) and ν(r) being the metric potentials.
The gravitational field equations for the energy-momentum tensor (2.7) and line element
(2.8) must satisfy the effective 4D equations (2.1). They read [62–64]
e−λ(λ′r − 1) + 1 = k2ρeffr2, (2.9)
e−λ(ν ′r + 1)− 1 = k2peffr r2, (2.10)
e−λ(ν ′ − λ′)
(
1
2
ν ′ + ν ′′ +
1
r
)
= 2k2pefft , (2.11)
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p′ +
ν ′
2
(ρ+ p) = 0, (2.12)
where primes denote differentiation with respect to r. From Eqs.(2.10) and (2.11), it is clear
that the bulk implies in anisotropy in brane objects. The effective energy density ρeff, effective
radial pressure peffr and effective transverse pressure pefft in the equations above read
ρeff = ρ
( ρ
2σ
+ 1
)
+
6
k4σ
U , (2.13)
peffr = p+
1
σ
[
ρ
2
(ρ+ 2p) +
2
k4
(U + 2P)
]
, (2.14)
pefft = p+
1
σ
[
ρ
2
(ρ+ 2p) +
2
k4
(U − P)
]
. (2.15)
3 Wormholes with conformal motion
Applying a systematic approach in order to deduce exact solutions, we now demand that
the interior space-time of the WHs admits conformal motion. This immediately places a
restriction on the gravitational behaviour of these objects. Thus, the Eq.(1.1) can be expressed
as
Lξgik = ξi;k + ξk;i = ψgik, (3.1)
with ξi = gikξk. Hence, the Eqs.(2.8) and (3.1), give the following relation (see [15] for a
detailed discussion) ξ1ν ′ = ψ, ξ4 = C1, ξ1 = ψr2 and ξ
1λ′ + 2ξ1,1 = ψ. Here, 1 and 4 represent
the spatial and temporal coordinates r and t respectively.
In particular, using the above set of equations one can obtain the metric functions with
following relationship
eν = C22r
2, (3.2)
eλ =
(
C3
ψ
)2
, (3.3)
ξi = C1δ
i
4 +
(
ψr
2
)
δi1, (3.4)
where C1, C2 and C3 are constants of integration.
Therefore, the field equation (2.9)-(2.11) turns out to be
1
r2
(
1− ψ
2
C23
)
− 2ψψ
′
rC23
= k2ρeff, (3.5)
1
r2
(
3ψ2
C23
− 1
)
= k2peffr , (3.6)(
ψ2
C23r
2
)
+
2ψψ′
rC23
= k2pefft . (3.7)
The above system of equations represent a spherically symmetric matter distribution
admitting conformal motion on the brane. Taking Eqs. (3.6) and (3.7) together it is possible
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to compute the extra dimensional effects in terms of the conformal factor. In this vein, we
have
6
k2σ
P = 2ψ
2
C23r
2
− 1
r2
− 2ψψ
′
C23r
. (3.8)
Thus, the existence of conformal motions imposes strong constraints on the wormhole geom-
etry. The key point concerning this construction is to find WH in terms of ψ.
4 Wormhole solutions
In this section, we will focus our attention on the problem of obtaining a class of exact
solutions for ψ(r), ρ(r), p(r), U(r) and P(r). In order to solve the Eqs.(3.5)-(3.7), let us
impose that P(r) satisfies the EoS P(r) = ωU(r), with constant ω. This has already been
done in the literature, as one can check, for instance, Ref.[65]. One can, therefore, rewrite
Eq.(3.8) in the following form
U = k
2σ
6Ω
(
2ψ2
C23
− 1
r2
− 2ψ
′ψ
rC23
)
. (4.1)
Now, using Eqs.(2.13)-(2.15) into Eqs.(3.5)-(3.7), it is easy to conclude that
1
r2
(
1− ψ
2
C23
)
− 2ψψ
′
rC23
= k2
[
ρ
( ρ
2σ
+ 1
)
+
6
k4σ
U
]
, (4.2)
1
r2
(
3ψ2
C23
− 1
)
= k2
{
p+
1
σ
[
ρ
2
(ρ+ 2p) +
2
k4
(1 + 2ω)U
]}
, (4.3)
(
ψ
C3r
)2
+
2ψψ′
rC23
= k2
{
p+
1
σ
[
ρ
2
(ρ+ 2p) +
2
k4
(1− ω)U
]}
. (4.4)
Substituting Eq.(4.1) in Eq.(4.2), we obtain(
1 +
1
ω
)
1
r2
−
(
1 +
2
ω
)
ψ2
r2C23
− 2
(
1 +
1
ω
)
ψψ′
rC23
= k2ρ
( ρ
2σ
+ 1
)
. (4.5)
In order to reduce the number of functions and looking for analytical solutions, it is
both useful and natural to use an EoS to describe the material content of the WH. Here, we
consider that p(r) = βρ(r), with constant β. In this way, the Eqs.(4.3) and (4.4) become
1
r2
(
3ψ2
C23
− 1
)
=
(1 + 2β)k2
2σ
(
ρ+
βσ
1 + 2β
)2
− β
2σk2
1 + 2β
+
2
k4σ
(1 + 2ω)U , (4.6)
(
ψ
C3r
)2
+
2ψψ′
rC23
=
(1 + 2β)k2
2σ
(
ρ+
βσ
1 + 2β
)2
− β
2σk2
1 + 2β
+
2
k4σ
(1− ω)U . (4.7)
With the purpose of obtaining analytical solutions, let us assume that the function U
can be modeled as
U(r) = U [ρ(r)] = AρN (r) +B. (4.8)
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where A and B are arbitrary constants and N is a positive integer. Hence, from the preceding
function it is possible to put Eq.(4.5) in the form
−k2ρ
(
1 +
ρ
2σ
)
+
1 + ω
r2ω
− 2 + ω
ω
[
1
3r2
+
ρN
3
+
k(1 + 2β)
6σ
(
ρ+
βσ
1 + 2β
)2]
(4.9)
−(1 + ω)
ω
[
− 1
3r2
− k
2β2σ
1 + 2β
+
k2β2σ(1− ω)
(1 + 2β)(1 + 2ω)
+ ρN
(
−1
3
+
2(1− ω)
1 + 2ω
)]
= 0,
where (4.6) and (4.7) have also been used.
Here, we will show two classes of solutions, the first one for N = 1 and the second one
for N = 2. In this way it is possible to have exact results for ρ(r) and ψ(r) for each of the
classes.
For N = 1, we have
ρ(r) =
−rF1 ±
√
r2F 21 + F2(2H1 + r
2H2)
rF2
σ, (4.10)
with
F1 = (1 + 2β)σ
[
7 + 2ω − 6ω2 + 3κ2ω(1 + 2ω) + κβ(2 + ω)(1 + 2ω)] , (4.11)
F2 = κσ(1 + 2β)(1 + 2ω) [2 + ω + 3κω + 2β(2 + ω)] , (4.12)
H1 = 2 + ω(7 + 6ω) + 2β [2 + ω(7 + 6ω)] , (4.13)
H2 = κβ
2σ {−2 + ω [−5− 2ω + 18κ(1 + ω)]} . (4.14)
Hence, ψ(r) is best described by
ψ(r) = ±C3r
√
1
3r2
−
[
rF1∓
√
r2F21+F2(2H1+r
2H2)
3rF2
]
σ + H3
6
{
H4 −
[
rF1∓
√
r2F21+F2(2H1+r
2H2)
rF2
]
σ
}2
,(4.15)
with
H3 =
κ(1 + 2β)
σ
, (4.16)
H4 =
βσ
(1 + 2β)
. (4.17)
In a similar manner, for N = 2 we have
ρ(r) =
−rG1 ±
√
r2G21 +G2(2H1 + r
2H2)
rG2
σ, (4.18)
with
G1 = κσ(1 + 2β)(1 + 2ω) [3κω + β(2 + ω)] , (4.19)
G2 = (1 + 2β)σ
[
3κ2ω(1 + 2ω) + κ(1 + 2β)(2 + ω)(1 + 2ω) + 2σ(7 + 2ω − 6ω2)] . (4.20)
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Figure 1. NEC from negative (left figure) and positive signs (right figure) in Eq.(4.10)
Thereby, the ψ(r) solutions for this class are
ψ(r) = ±C3r
√
1
3r2
−
[
rG1∓
√
r2G21+G2(2H1+r
2H2)
3rG2
σ
]2
+ H3
6
{
H4 −
[
rG1∓
√
r2G21+G2(2H1+r
2H2)
rG2
]
σ
}
. (4.21)
5 Energy Conditions Application
In this section we will construct the null energy condition (NEC) and weak energy condition
(WEC) for the WH solutions previously obtained. The NEC and WEC read [23]
ρeff + pefft ≥ 0, (5.1)
ρeff ≥ 0. (5.2)
Both ρeff and pefft in the energy conditions are expressed by Eqs.(2.13) and (2.15), re-
spectively, and, more important, are directly dependent of the solutions of ρ(r) obtained
above. If these conditions are respected for braneworld WHs, one may understand that their
matter-energy content has non-negative values for any observer.
In Fig.1 we plot the NEC from the negative and positive signs in Eq.(4.10). In Fig.2,
the WEC is plotted also for both signs in (4.10). For all these cases we assume N = 1.
In the next section we will discuss the relevance of those results.
6 Conclusions and final remarks
Braneworld models are important extended gravity scenarios nowadays and have been con-
stantly put in test against observations [14, 66–69]. They have been used to evade some
important issues in cosmology, such as the cosmological constant and dark matter problems
[70–74].
Here, instead, we have used the RS II braneworld model as the underlying gravity
scenario to construct static WH solutions. We assumed that the interior space-time of these
objects admits conformal motion and from some hypothesis for the density-pressure relation
inside them, we were able to obtain solutions regarding the WH material content.
– 7 –
Figure 2. WEC from negative (left figure) and positive (right figure) signs in Eq.(4.10)
In possession of the material solutions we constructed the energy conditions. Our in-
tention was to check if the extra degrees of freedom provided by RS II braneworld scenario
could allow the WHs in such a theory to be devoid of exotic matter.
Indeed, Fig.1 have shown the possibility of respecting the energy conditions when σ > 0.
This is a quite interesting feature of the model, since it agrees with some important references
that point to the gravitational instability of negative tension branes [75, 76].
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